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We establish some criteria forthe oscillation of allsolutions to delay and neutral 
differential equ tions. Ourresults are related to a conjecture of Hunt and Yorke, 
which as been claimed tobe proved. But we give anew proof of this conjecture 
and a nonoscillation example to show that he early proof is incorrect. c 1991 
Academic Press. Inc. 
1. INTRODUCTION 
Many papers are devoted to investigating the oscillation of first-order 
difference differential equ tions in which the oscillation is caused by the 
delays [l-5]. Hunt and Yorke [3] considered thedelay differential 
equation 
x’(t)+ i qi(t)x(t- T,(t))=O, 
i= I 
I=$, 
where qi, Tie C(R+, ~+),~+=[O,oO), t-Ti(t)+@Jast+Co,i=l,..., n, 
and conjectured that if 
lim inf ?f, t ,i q,(t) eAKct) > 1 
t-cc 1 I=1 I 
(1.2) 
and there exist q,, and To > 0 such that 
O d 4itt) G 409 (1.3) 
O< Ti(t)< TO, i = 1, . .) n, (1.4) 
then all solutions f (1.1) are oscillatory. 
Here by an oscillatory solution we mean a solution x(t) of (1.1) with 
arbitrarily large zeros. Otherwise, x(t) is called nonoscillatory s lution. We 
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call (1.1) oscillatory if every solution of (1.1) isoscillatory and call (1.1) 
nonoscillatory if (1.1) has a nonoscillatory solution. 
Yan [5] claimed that he conjecture holds without condition (1.3). But 
that is not the case. Asa special case of the quation considered in [S], we 
examine the quation 
X’(t) + U(t) X(t) + i qi(t) X(t- Ti(t))=O, 
i=l 
(1.5) 
where 0< Ti(t) < T,, i= 1, . . n and a(t) is a continuous function. Then 
Yan’s Theorem 3.1 in [S] says that 
PROPOSITION A. If (1.4) holds and for sufficiently large T, 
inf, z Ta(t) = a, > -cc and 
(1.6) 
then Eq. (1.5) isoscillatory. 
Hunt and Yorke gave an example in [3] to show that he conjecture 
does not hold without (1.3). In their example of Eq. (l.l), where n= 2, 
T,=O, T2= 1, ql(t)=a(g(t)- l ,q2(t)=a exp[-eb’(l -e-“)I with b>O, 
a = b/( 1-e-“) and g(t) = eb’(l - eVb), conditions (1.2), (1.4) hold, but 
exp( -ebr) is a nonoscillatory solution (note that we have corrected an 
obvious typographical error). However, this example does not apply to 
Proposition A, since ql(t) becomes a(t) and (1.6) fails tobe true. We give 
another xample (Example 1) in Section 2 to show that Proposition A is
false. In other words, the conjecture does not hold without (1.3) and hence 
has not yet been proved. 
The question finterest i :What kind of additional conditions to (1.2) 
will be required for the oscillation of (ll)? In some particular cases, the 
answer is simple. For example, if(1.1) isautonomous, then (1.2) implies 
that he characteristic equation f(1.1) does not have any real roots and 
hence (1.1) is oscillatory by a known result ofArino et al. [11. Also, if 
n = 1, then (1.2) isequivalent to the condition ql(t) T,(t) > l/e for all arge 
t, which along with (1.4) asserts the oscillation of (1.1) (see [3]). But, in 
general, we do need some additional conditions to (1.2) for the oscillation. 
To make this clearer, letf E C(R, IR) and let he type off be defined by
typef=limsup~In If(t 
Here f(t) is allowed tovanish and we tacitly assume In 0 = -co. Then we 
see in Section 3 (Lemma 1) that if (1.2) holds and (1.1) isnonoscillatory, 
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then every nonoscillatory solution must have type -co. But (1.2) isin 
general not sufficient to rule out all nonoscillatory solutions f type -cI3 
(see Example 1in Section 2). Thus, for the oscillation of (1.1 ),extra condi- 
tions are required toexclude the existence of nonoscillatory solutions 
which tend to zero faster than any exponential functions. We prove in Sec- 
tion 3(Theorem 1) that (1.3) and (1.4) turn out to be such conditions a d
hence Hunt and Yorke’s conjecture will be proved. Section 3 also provides 
another set of such conditions i  which qi(t) and Ti(t) may be unbounded. 
This set of conditions with (1.2) forms another oscillation criterion f r
(1.1). These two results are also extended toEq. (1.5). 
In Section 4,we consider the neutral delay differential equ tion 
[x(t)-p(t)x(t-r)]‘+ i qi(t)x(t--TT,)=O, (1.7) 
i= 1 
where r > 0, T,> 0, i = 1, .  . n, are constants, p, qi: R, -+ R, are con- 
tinuous functions, i = 1, . . n. Oscillation criteria for(1.7) are established. 
One of the conditions i volved is modeled on (1.2) and asserts that anon- 
oscillatory equation (1.7) has only nonoscillatory solutions with type -co. 
Our results generalize an early result ofGrove t al. [2]. 
2. NONOSCILLATION EXAMPLES 
In this ection wegive two examples that o a great extent motivate us
to write this paper. The first example can be regarded asa modification of 
the Hunt and Yorke’s example mentioned inSection 1 and shows that 
Proposition A isfalse. 
EXAMPLE 1. Let a=b/(l-eeb), b>O and g(t)=eb’(l-e-‘). Then
x(t) =exp( -eb’) is a nonoscillatory solution of the quation 
x’(t)+a(g(t)-l)c(t)x(t-T(t))+aeCg(”x(t- l)=O, 2.1) 
where T(t) = l/[t’g(t)] and c(t) = exp[ -ebf(l - e-br(“)]. Set
F(Z,i)=f[a(g(t)-l)c(~)e”‘(‘)+ae”~gCf)], 
Then (a/an) F(t, A) = (u/n2)f(t, A) and (a/an) f(t, 1) > 0 for A > 0. Since 
g(t) + co and c(t) + 1 as t -+ cc, astraightforward computation yields 
‘W!159/2-I2 
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which means that f(t, g(t) - t-‘) <0 <f(t, g(t) + t-r) for all arge r. We 
then have that for every large l, f(t, A) has a unique zero J= h(t) with 
/g(t) --h(t)/ <t-l and hence F(t, 1) attains its minimum value at A =h(t). 
Thus we have 
F(t, 1) a F(t, h(t)) 
= [u/h(t)] { [g(t) - 1 ] c( 1) 8’) r(f) + eh(‘) - g(t) > + a > 1 
as t + co. This implies that (1.6) issatisfied. 
The proof of Yan’s Theorem 3.1 in [S] is based on an incorrect 
[S, Theorem 2.11. Again, we only elaborate on this for the linear 
tion (1.5). Define a sequence {I,}?=, by 
4(t) = 4t) +CL, a(t) ev I:- Ti(r) uk-d4 6 
tao, 
4cPh t<O,k>l. 
result 
equa- 
(2.2) 
PROPOSITION B [S, Theorem 2.11. Equation (1.5) is oscillatory if and
only if or any T > 0 there exists  * 2 T such that uk (t *) -+ co us k -+ co. 
The following nonoscillation example shows that Proposition B isfalse. 
EXAMPLE 2. The function exp[ -(t + +)*](t 2 -4) is a solution of the 
equation 
x’(t) + q(t) x(t -;, = 0 (2.3) 
for t30, where q(t)=2e-‘14(t + $) e-’ for t2 -f and q(t)=0 for t< -1. 
Let u,(t) = 0 and 
U/c(f) = q(t) exp j?- ,,* uk- ,(s) ds, t>o, 
%c(Oh t<O,k>l. 
(2.4) 
Obviously, u,(O) = q(0) =e-II4 and 
43 = do) ev j” uk- 1(s) do=do) ew(fc I(O)) > k(O) uk- I(O) 
-l/2 
> [$eq(0)]k-l q(0) + a3 ask-+m. (2.5) 
We claim that for any positive integer h,Q(T) + co as k + co, where 
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T= h/4. Noting that min,,, (eer/t} = ae(a >O), from (2.4) (2.5) wehave 
for k> 1, 
=4(t) exp j’ u,-,(s-t)ds>eq(t)!“’ u,-,(s-$)ds, t>o, 
r--1/4 I- l/4 
Uk(t)2=eq(O)j’ ~k-l(S-~a,~=~eq(O)u,~,(O), t < 0. 
C-114 
Without loss of generality, we assume that his so large that q(t) 2 q(T) for 
O<t<T.Thenfork>l and -oo<t<Twe have 
and hence 
cCe4(r)125:_,,4~~~~~~uk+k~2(S2-t)~2dSI 
= h(T)12 IT 1” Uk+h-22(S2- f, & ds, 
T- l/4 s, - l/4 
as k + co. Therefore, the sufficiency part of Proposition B isfalse. 
From Example 2we see that he techniques sed in [S] and also else- 
where should be modified. 
3. THE OSCILLATION FOR DELAY EQUATIONS 
In this ection we establish some oscillation criteria forthe delay 
differential equ tions (1.1) and (1.5). We start with some basic lemmas. 
The following result play an important role in later discussions. 
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LEMMA 1. Zf (1.2) holds and ( 1.1) is nonoscillatory, then every non- 
oscillatory solution of (1.1) has type -co. 
Proof: Suppose that x(t) is a nonoscillatory solution f(1.1). We
assume that x(t) >0 for t> t, > 0. A similar argument handles the case in 
which x(t) <0 for all arge t.From (1.2) wemay assume that o is so large 
that 
(3.1) 
and hence x1= i qi(t) > 0 for t 2 t,,. If we define a sequence { tk}psO by 
t,=sup(t:min(t-Ti(t)),<tk-i,i=l,...,n}, k>  then tk>tk-,, k>,l. 
We observe that he sequence { tk} must be unbounded. Otherwise, there 
would be a constant A such that , -+Aask+coandhenceT,(A)=Ofor 
i = 1, . . n. But then (3.1) and hence (1.2) would not be true. Thus we get 
tk+m as k+m. 
From (1.1) wehave x’(t) < 0for t2 t,. Set x(t) =exp( -Ii, U(S) ds). Then 
u(t) = -x’( t)/x( t)> 0 and satisfies 
u(t)= i 4iCt) exp j’ 4s) ds 
i=l r-r,(r) 
(3.2) 
for t2 t,. It suffices to show that u(t) --t cc as t + co. To this end, we set 
4 =W.,, u(t) and set for k= 1,2, ..
#I &+I= inf i qi(t) exp[&Ti(t)]. (3.3) rPQ+l i=* 
Obviously, each 1, is well defined. Then we get u(t) 2 A1 for t> t, and so 
u(t)= i Cfitt) exp j’ u(s)ds> k qi(l)exp(A,7’i(t))>l, for tat,. 
i= 1 f-K(f) i= 1 
It follows byinduction that 
u(t) > A& for tat& and k = 1, 2, . . . 
It remains to show that & + co as k + co. We first claim that A1 > 0. 
Otherwise there would be an arbitrarily large t> to such that U(S) > u(t) > 0 
for all sE [to, t]. Then from (3.2) wewould have 
u(t)= f 4i(t) exPj' uts) dT2 f 4i(t) exPC4t) Ti(t)l, 
i=l I- T,(f) i=l 
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which would contradict (3.1). Then, from (3.1) and (3.3), there is an a > 1 
such that A,,, >al, for k = 1,2, .. and hence Ak * cc as k -+ 00. The 
proof of Lemma 1 is complete. 
LEMMA 2. Let f: [w ++ (0, 00) be continuous. If there exist b,B > 0 such 
that f(t)/f( t - 6) > B for t >/ b, then there exists M > 0 such that 
for t> b. 
The proof of Lemma 2 is omitted. 
LEMMA 3. Let Q(t) 20 and T(t) > 0 be continuous f nctions ,for 
t~t,~Oandlett-T(t)benondecreasingsuchthatt-T(t)-,coast~oo. 
If 
lim inf 
<-Pm i 
’ f~ T(r) Q(s)ds'O, (3.4) 
liminf T(t)>O, (3.5) f--r02 
then the differential inequality 
x(t)[x’(t) + Q(t) x(t - T(t))] < 0 (3.6) 
does not have any nonoscillatory solutions with type -GO. 
Proof. Let x(t) be a nonoscillatory solution of (3.6). Without loss of 
generality, we assume x(t) >0 for t> t,. From (3.4) and (3.5), there are b, 
B > 0 such that for some t, > to, 
1 I- T(t) Q(s) ds a 4 T(t)>& tat,. (3.7) 
By (3.7), a similar argument used in [4] leads to 
x(t)/x(t - T(t)) > :B’, tat,. 
Since T(t) b b and x(t) is nonincreasing, we have 
x(t)/x(t-b)&B2, tat,. 
It then follows from Lemma 2 that ype x> --00 and the proof of Lemma 3 
is complete. 
Remark 1. The conditions in Lemma 3 are sharp. Wegive two examples 
to illustrate this. InExample 2, Eq. (2.3) has a nonoscillatory solution with 
type -co and (3.5) holds but (3.4) fails. 
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EXAMPLE 3. The equation 
x’(t)+e-1texp(~t-2)~(t-~-‘)=0 
has a solution x(t) =exp( -it’) with type -co. We see that (3.5) fails to
be true but (3.4) issatisfied. 
We now prove the conjecture of Hunt and Yorke. 
THEOREM 1. Zf (1.2), (1.3), and (1.4) hold, then Eq. (1.1) isoscillatory. 
Proof. Suppose Eq. (1.1) is nonoscillatory and x(t) is an eventually 
positive solution of (1.1). Then x(t) >0, x’(t) 6 0for all arge t. We first 
prove 
lim inf max {qi(t) Ti(t)) > 0. 
I-00 lGi4n 
(3.8) 
If (3.8) isnot true, then there is a sequence ( tkjpz 1such that k + co and 
qi(tk) Ti(tk)+O as k-+co, i=l, . . n. If qi (tk) Ti( tk) =0 for some t, and 
i= 1, .  . n, then 
as A--+ co. This allows us to assume max{qi(tk) Ti(tk), i= 1, .  . n} >1) for 
all k= 1, 2, . . . For each k, set ujk = cc in case qi(tk) Ti( tk) =0 and 
uik = C1/Ti(tk)l InC2qO/qittk)l in Case qi(tk) Ti(tk)>o. From (1.3), (1.4) 
we have 
uik 2max $lnC%o/qi(tk)l, [Ti(tk)l-‘1n2 . 
0 I 
In view of the fact hat qi(tk) Ti(tk) +O as k-r co, it is not difficult to 
see that a& -+ co as k --) co for each i = 1, .  . n. Now, let n(tk) = 
min(a&, i = 1, . . n). Then we have 0 < n(tk) < co, n(tk) + co and 
-& ikl qiCfk) exPC4tk) Ti(fk)l 
< &[ c qi(fk)exp(uikTi(tk))+ c qi(fk)] 
w -=z aJ cl*=00 
as k+oo. 
This is impossible ecause of(1.2) and hence (3.8) holds. 
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Next, d we let Q(t)=qj(t), T(t)= Tj(t) be such that qj(t) Tj(t)= 
max(qi(t) Ti(t), i= 1, . . n}foreacht,thenO<Q(t)<q,andO~T(t)<TO. 
It follows from (3.8) that here is a constant c > 0 such that Q(z) T(t) 2 c 
for all arge t and so Q(t) >c/T,, and T(t) >, c/qO. From (1.1) wehave 
0=x’(t)+ i qi(t)X(t-T{(t)) 
i=l 
>x’(c)+Q(l)x(f-T(t))>s’(t)++ 
0 
and so, by Lemma 3, type x> -co. 
On the other hand, according to Lemma 1, (1.2) and the nonoscillation 
of x(t) imply that ype x= --co. This contradiction completes heproof of 
Theorem 1. 
Now we give another oscillation criterion for (1.1) inwhich the functions 
q;(t) and Ti(t) may be unbounded. 
THEOREM 2. Suppose that there xists a nonempty subset I of the set 
{ 1, . . n} such that 
liminfo(t)>O (3.9) t-+00 
and 
(3.10) 
where c~(t)=min{T,(t), iE1). If (1.2) holds, then Eq. (1.1) is oscillatory. 
Proof. Assume that (1.1) has a nonoscillatory solution x(t) S- 0 for 
t > t, 20. The proof is similar in the case x-C 0, t 2 t,. To get adesired con- 
tradiction, by Lemma 1, it is suffkient to show that ype x> --oo. From 
( 1.2) we may assume t, is so large that (3.1) holds. Then, from (1.1 ),
x’(t)<0 for t>,t,>,t,, where tl=sup{t:min(t--T,(t))~t~,i=l,...,n). 
Since 
0=x’(t)+ i qi(t)x(t- Ti(t)) 
i= 1 
2x’(f)+X(t-o(t)) C qitr), tat,, 
iel 
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x(t) is a nonoscillatory solution ofthe differential inequality (3.6) with 
Q(t)=Ci,,qi(t) and T(t)=a(t). Byvirtue of(3.9), (3.10), andLemma3, 
we have type x> ---co. Theproof of Theorem 2is complete. 
We now extend Theorems 1 and 2 to Eq. (1.5), where the function a(t) 
is allowed to take on negative alues and T,(t) 3 0, i= 1, . . n. Let 
y(t) = x(t) exp jk a(s) ds. Then y(t) satisfies th  quation 
Y’(t)+ i: qi(r)y(r--i(r))eX~f~-711)n(s)ds=0. 
i=l 
(3.11) 
Since the oscillation of (3.11) isequivalent to the oscillation of (1.5), the 
following twoconsequences are immediate from Theorems 1 and 2, respec- 
tively. 
COROLLARY 1. Suppose that (1.4) holds and there exists q,, >0 such that 
O<qi(t)eXp/’ 4s) ds G qo, i=l n. , ‘.., (3.12) 
I - Ti(t) 
If there exists a ufficiently largeto 20 such that 
then Eg. (1.5) isoscillatory. 
COROLLARY 2. Let IC ii,..., n} benonempty and let a(t)=min{T,(t),kl}. 
Suppose that (3.9) holds and 
lim inf * 
f [ 
z, qi(s) exp f:- T(s) a@) de] ds > 0. (3.14) ,-+a, r-a(r) 
Zf (3.13) holds, then (1.5) isoscillatory. 
It is not difficult to see that he condition (3.13) isweaker than the 
condition (1.6) and there are no boundedness restrictions on Ti(t) in 
Corollary 2. 
4. THE OSCILLATION FNEUTRAL EQUATIONS 
In this ection westudy the oscillation of the neutral delay differential 
equation (1.7) under the following twostanding hypotheses: 
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(P) Either p(t) has arbitrarily large zeros or there is s,, > 0 such that 
p(t) > 0 for t> s,, and 
1 1 1 
+ + 
P(~l)+Phm) ..* P(Sl)...P(Jk) 
+ . . . =a), 
where sk = s0 + kr, k = 1,2, ... 
(Q) x7= 1 q;(t) is eventually positive. 
Note that hypothesis (P)allows p(t) to take on values greater than 1. 
If x(t) is a nonoscillatory solution of (1.7), then x(t) is not necessary to 
be monotonic. However, from (1.7) the function u(t) = x(t) - p(t) x( t - r) is 
monotonic. Moreover, the following result ensures that u(t) and x(t) have 
the same sign for all arge t. 
LEMMA 4. Zf x(t) is a nonoscillatory s lution f(1.7) then for all 
sufficiently large t, 
x(t)[x(t)-p(t)x(t-r)]>O. (4.1) 
Proof. Suppose that x(t) is eventually positive. If x(t) is eventually 
negative, theproof proceeds in the same way. Let u(t) = x(t) - p(t) x(t -r). 
From (1.7) and (Q), there is t,aO such that x(t)>0 and o’(t)<0 for 
t > t,. Assume to the contrary that u(tl ) <0 for some t, >t,. Consequently, 
there are c> 0 and tz > t, such that u(t) < -c for t2 tZ. If p(s) =0 for some 
sz t,, then we have x(s) =u(s) < -c, a contradiction. Thus,p(t) > 0 for 
r 2 fZ. Let m be so large that s, = s0 + mr > t,. For any positive nteger k 
we have 
=j~~~(s~+j){x(s*-l~-c[~+p(s )its 
m m m+l 
) 
1 
+ ... +
Pbm) .*.P(%n+k) 11 
It follows from (P) that x(s, +k) <0 f or sufficiently largek. This is a 
desired contradiction which proves Lemma 4. 
In contrast toLemma 1, an analogous result for the neutral equa- 
tion (1.7) involves the type of the function u(t) instead ofthe type of the 
nonoscillatory solution x(t). 
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LEMMA 5. If (1.7) isnonoscillatory and for some t,, 2 0 there xists a 
function R E C( Iw +, Iw +) such that 
R(t) qi(t-rr) G At - Tt) qi(t), t 2 to, i= 1, . . n (4.2) 
and 
inf R(t)e”‘+i ,i qi(t)eAK > 1, 
r>to,sl>O t=l 
then for every nonoscillatory s lution x(t) of (1.7), the function v(t) =
x(t)-p(t) x(t-r) has type --a. 
Proof It is enough to consider the case where x(t) is eventually 
positive. By Lemma 4, v(t) is also eventually positive. From (1.7) and (Q), 
v’(t) is eventually negative. Without loss of generality, we may assume to 
is large enough so that x(t) >0, v(t) > 0 and v’(t) < 0 for t2 to. Further- 
more, (1.7) and (4.2) imply that 
O=v’(t)+ i qJt)x(t-TJ 
i=l 
=v’(t)+ i qi(t)v(t-T,)+ i qi(t)p(t-Ti)x(t-r-T,) 
i= 1 i=l 
>v’(t)+ i qi(t)v(t-Ti)+R(t) i qi(t-r)x(t-r-T,) 
i=l i=l 
= v’(t) - R(t) v’(t - r) + i q,(t) v(t - Ti). (4.4) 
i=l 
Let tk = to+ ko, k = 1,2, .. where cr =max{r, T,, .  . T,}. Set v(t) = v(to) 
exp( -s:, U(S) ds); then u(t) = -v’(t)/v(t) > 0 for t2 to. It suffices to show 
that u(t) --) cc as t + co. From (4.4), u(t) satisfies 
u(t) 3 R(t) u(t -r) exp J:-, U(S) ds +i qi(t) expJ:- T U(S) 4 tat,. 
i= 1 
(45) 
Set 1, =inf,.,, u(t) and set for k2 1 
II k+,= inf 
talk+1 
R(t)&eAk’+ i qi(t)eAkT’ 
i=l 
It follows byinduction that 
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As in the proof of Lemma 1, we can make full use of (4.3) toshow that 
1,>0, &<&+, fork>1 and& -+ co as k -+ co. We omit he details since 
the technical arguments are very similar tothose used in the proof of 
Lemma 1. The proof of Lemma 5 is complete. 
THEOREM 3. Suppose that there xists a function R E C(Iw+, [w +) such 
that (4.2) and (4.3) hold. Let p(t) > p0 for all arge t, where p0 is a constant 
and 0 < p0 < 1. Let tl = (l/r) ln( l/p,). If 
Q(t)=Ia i q,(s)e-““ds<cc 
, i=l 
(4.6) 
and type Q > -co, then Eq. (1.7) isoscillatory. 
Pro05 Assume that (1.7) isnonoscillatory nd x(t) is a nonoscillatory 
solution of (1.7). Without loss of generality, assume x(t) > 0, p(t) 2p. for 
t >, to. It follows from Lemma 4 that u(t) is positive anddecreasing, a d so 
u(t) + u. 20 as t -+ co. Integrating (1.7) from tto co produces 
cl2 n 
u(t) = uo +I c qi(s) x(s - TJ ds. I i= I (4.7) 
Also, for all arge t, say, tz tl >, to, we have 
x(t) > pox(t - r). 
Then Lemma 2 provides anM> 0 such that x(t) > Me-” for t2 t, + r, 
where 01 = (l/r) ln( l/p,). Now from (4.7) wearrive at
00 n
u(t) B 5 c qi(s) Me-“‘“--T” ds> MQ(t) , i=l (4.8) 
for all arge t and so type u3 type Q> -co. But the first assumption and
Lemma 5 imply that ype u= -co. This contradiction completes heproof. 
Remark 2. From (4.8) wesee that if the integral in (4.6) diverges, then 
(1.7) isoscillatory. H wever, this is not a sharp criterion for oscillation of 
(1.7). The condition type Q> -CC is required to assert that (1.7) has no 
nonoscillatory solution x(t) for which type u= --co. 
Next, we give another oscillation criterion that seems to be rather 
general. 
Set 
p;o(t) = 1 
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and 
k-l 
Pik(t) = n At -jr - Ti), i=l , . . n, k > 1. 
j=O 
THEOREM 4. Suppose that here exists a nonempty, finite subset S of the 
set {1, . . n} x (0, 1,2, ..} such that 
o=min{kr+T,,(i,k)ES)>O (4.9) 
and 
(4.10) 
If there exists a function R EC( Iw +, Iw,) such that (4.2) and (4.3) hold, then 
(1.7) isoscillatory. 
Proof: Assume that x(t) is a solution of(1.7) satisfying x(t)>O for 
t> to. Then u(t) > 0 and u’(t) < 0 in view of Lemma 4. Substituting 
x(t) 2 u(t) into x(t) = v(t) + p(t) x(t -r), we have 
x(t)>u(t)+p(t)v(t-r). 
Then the iteration procedure gives 
x(t) 2 u(t) + p(t) u(t -r) + ... +p(t)p(t-r).s.p(t-(N-l)r)u(t-Nr), 
where N=max(k, (i, k)ES). It follows from (1.7) that 
0=0'(t)+ i qi(t)X(t-Ti)>U’(t)+ i qi(t) 5 pik(l)U(t--kr-Ti) 
i=l i= 1 k=O 
2 U’(t) + C 4((t) pik(t) u(t -kr - Ti) 
(i,k)ES 
’ “tt) + ‘ftwo) c qi(t) p&-(f)* (4.11) 
(i,k)sS 
Thus, from (4.9), (4.10), and Lemma 3 we have type u> -co, which 
contradicts Lemma 5. Therefore, (1.7) isoscillatory. 
COROLLARY 3. Suppose that (4.2) and (4.3) hold for some 
R E C(R +, Iw, ). Let Z be a nonempty subset ofthe set { 1, . . n} and let 
r~ =min { Ti, iE I}. If one of the conditions 
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"f"-Ef 5,', ,;I dW>O, 0 > 0, (4.12) 
I 
lim inf 0 > 0, (4.13) 
r-r* I 1 f-~ is, qi(s)C1 +P(s-Ti)] dS>O, 
q&l P(S -Ti) ds >0, (4.14) 
is satisfied, then(1.7) is oscillatory. 
Proof: If we choose S=Zx (O}, Ix (0, l> and 1x(l), then (4.10) 
follows from (4.12), (4.13), and (4.14), respectively. Thus,(1.7) is 
oscillatory because ofTheorem 4. 
It should be noted that (4.12) implies (4.13) and that (4.14) allows c =0. 
In Theorems 3 and 4, in addition to (4.3), we need some other conditions 
to rule out all nonoscillatory solutions x(t) for which the corresponding 
functions v(t) have type -co. However, in the special case n= 1, the 
condition (4.3) itself is sufficient for oscillation. Consider the quation 
[x(t)-p(t)x(t-r)]‘+q(t)x(t-a)=O, (4.15) 
where r, r~ >0 are constants, p(t) and q(t) are continuous functions 
satisfying 0 < p(t) < 1, q(t) >0 for all arge t. Then we have: 
COROLLARY 4. Let R(t)= [p(t-a)q(t)]/q(t-r)for t>,t,, with t, large 
enough. If 
inf R(t) e”‘+i q(t) eAu > 1, 
t,to,1>0 
(4.16) 
then (4.15) isoscillatory. 
ProojY We show that here is a c>O such that q(t)>,c for 12 to. If this 
is done, then Corollary 4 will follow from Corollary 3 because (4.12) will be 
satisfied. Assume this is not true, that is lim inf, _ a, q(t) =0. Then there 
existsasequence {tkjkm_, with to<t,ct,< ... and tk+cc ask+cc such 
that q(t) 3q(tk) for t,, < t < t, and q( tk) -+ 0 as k + co. Consequently, 
R(tk) ,< 1, k > 1. For any given E> 0, choose Iz >0 so small that eLr < 1 + 4s 
and then k so large that q(tk) e’“/l < 4~. As a result, R(tk) e”’ +
q(tk) e*“/il < 1 + E. This contradicts (4.16) and completes the proof. 
Remark 3. Corollary 4 is Theorem 2in [2] without the unnecessary 
restriction 0 < K,< q(t) < K,. 
Remark 4. If CJ =0, then Corollary 3 is not true. The following example 
is illustrative of this. 
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EXAMPLE 4. Let CJ =0, p(t)=(l-u)exp[-(l-e-b’)eh’] and 
q( t ) = abeb’, where 0-C a< 1, b> 0, Y > 0 are constants satisfying $zbr 3 1. 
Then (4.15) has a nonoscillatory solution x(t) =exp( -ebr). It can be 
shown that (4.16) holds here. To see this, let f(t, 1) = R(t) e”’ +q( t)/i, 
where R(t) = [p(t) q(t)]/q(t - r) = p(t) ebr. For any t > 0, if 0 -C 1d iq(t), 
then f( &A) > 2. If 1> iq( t), then 
At, 1) 2 p(t) ebr exp($q(t)) 
= (1 -u)eb’exp[-(1 -embr)ebr+ $zbreb’] 
>(l-a)eb’exp[($br-l)eb’]+co ast-+co. 
Therefore, f(tA) 2 2 for all arge t and all A> 0, and so (4.16) holds. 
A more sophisticated example can be made to give a nonoscillatory 
equation fthe form 
[x(t)-p(t)x(t-r)]‘+q(t)x(t- T(t))=O, 
where T(t) >0 tends to zero rapidly and 
(4.17) 
inf At - Qt)) s(t) e”‘+ i q(t) eiTcr) > 1. (4.18) 
1~10,lSO dt - r) 
Conjecture. If O<<(t)< 1, T(t)>ocrO, and (4.18) holds, then (4.17) is
oscillatory. 
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